
Representations of the Weil group 2

⑤ Abstract Machinery : Let

G = profinite group
KoG = Grotlendish group of G (i . e. the fres abelian group of symbols
[D]

,
where It irrepsm(G)). a. k. a group of virtual representations.

&

mark : we view the set of is . classes of Finite dimensional smooth

representations of G in KoG as following : if I is such a rup.

C = 9
,
0 ... #fr ,

to obtain an element

· irr .

Je
[p] = [[i] eKoG

eneof notation : drop the brackets & write I = [S].

=> dim map Kol-> I defined in the natural way .

Define : RoG := UKot
HIG
open

and denote its elements as fairs (H , 9) , where HG & ge Kot.

JSG) : = Hom (G,K") = KoG

As

↑(G) :

=UTH = RG

open

Remark : i) If G is another profinite group St . G-G
+

thin RoG CYoG'
· Enables us to

2) G = LinGi ,
then Rod = UoGit reduces to finite

case



Dyn [Induction constants) : Let A be an abiliar group , & G = profinite

group.
9) An induction constants on G (with values in AJ is a function



F : Rob -> A

such that

i) for each of H=G
,
the map Flot is a group homo .

ii) if HCJ are open subgroups of G & (H
,
9) E Kott has

dimension 8
,
then

F(J
, Indif) = (= (H

,
9)

b) A division on G (with values in A) is a function
3)(G) -> A

Remarks: An induction constantF give rise to a division 35 via

restriction and 87 is called the boundary of F

Ref : A division Don G is called pre-inductive on4 if

B = 85

for some induction constant F on G .

Lemmal : An induction constant is completely determined by its boundary &F.

Im(F) is contained in the Abelian group generated by
the values of 85.

↳f . Exercise using Braver induction throoms.

· We can reduce to 6 finite
· Let I be an inducible rep of HCG of dim m

· [f] - m[(n) = [ Ind([Xi] - Kail)
Is i = M

for various /Hi . Xi) <J (H) ·

=) H
, 1) = 25 (H , <n)

m

TGF (Hi , XiX6E(Hi , Ini)
Kir



Remark . (H
, f) = RoG .

Let In = trivial character on H

Put RGIn = Indian
Then E([9]-mEn]) = FS[Ind9] - m[RgIn])

,

where in = dim f

↓

ma 2 . G = pro finite group and let D be a division on G
. Suppose

there is a family It of open normal subgroups H of G such that

9) the canonical map G-limGH is an isomorphum ,an
a

6) the retruction Dal of B to F(G/H) is pre-inductive on GIH
- HEI .

The division I is pro-inductive on G . If F is an induction constant

on G with boundary D .
then Bah is the boundary of F/(GIH)

& Main statement : Existence of the local constants

Let E/F be a finite separable extension.

For YeF
,

we set 4g = 00 Trefe
Recall from Ilyana's talk R

*

(F) = isomorphism class of semi-simple
smooth representations of We of dimension n.

Ri(F) =
- irdwable

Wit RISF) =Upo& RCF)
=URICE.

Thom A : Let OCF
,
D + 1 & FXEXF

,
Elf is finit.

There is a unique family of functions :

R
*

(E) -> [q5
,
q-3]

*

↑> Elf . S . VE) .



with the following properties :

& If X is a character of E"
,
then :

&XoxE +
S
, Ye) = E(X

,
S
, Ye)

wher Xz : We- E* is the Artin reciprocity map.

2) If 9
..%ER

*

SE) , then

3 (9,89 ,

3
, 42) = Elf, , 3 , 42) · Elfc , S . Ye) .

The quantity &(9
,
5
, 4) , SER

*

/F] is called the Langlande -Deligne local

constant of f , relative to the character DEF & complex variable SEK .

was enumerate some of its interesting properties :

Proposition A : Let DEF , 4 # / & SER"(F). Then :

9) =n (9. 4] & s . A .

5 (9. 3 , 4) = qu(s, 4) St - s)s(f
, t , 4)

b) Let as FY
.

Then :

E(9 .
3
,

ay) = det +(a) Klalldim(9) (s
-+)

&(9, 5 , 4)

~ (9 ,
ay) = n(f, y) + =(a) dim (9)

.

1) We have
,
moreover ,

a functional equation :

& (9. s , y)5(5 ,
1- 3

,
4) = det 95-1)



d) There is an integer My such that if X is a character of F*

of level king ,
then

3(xx2 , s, 4) = det f(c(X)) "3(X
,
s
, y)
dims

,

for any >(X)EFY such
that X (1 + x) = 4 (c(X]s]

2= q(k/2] +
1

.

We will use the abstract machinery in the following content :

Let L/F be finite and Galois , put G = Gal((/) ·

Now JCG) = UJSH)
,

but H = GaS(LIE) , for
HEG

E = LH

7) H) = Hom (H , K
*) = Hom Sha,1)

but Han-E/NHE(E*) (by local can field thory).

So we think ofYG) as the ut of pairs (E,X] where E ranges

over filds between L & F
,
X over characters ofFo which are will on

Nele(l* ) .

Deligne's Global input

We assume the next roult to prove thorm A & Prop. A ↓
Theorem B : Let L/F be a finite Galois extension with Galois group G .

Then FYEF
, 41 each that the following division on G

DLF : T(G) -> k [q
,
gis]

x

(E ,X) + E(X , 0 , Ye) -> Tatie local constant .

is pre-inductive on G = Gal (L/F) ·



& Step 1 : removing restriction on 4 .

Recall : if Y : F- > &" is a non-trivial character then all

characters of Fans of the form %() = ↑ (as) for unique
at F"

By lenna 2 & theorem B
,
the division :

&↳F : (NE(X,4

is pre-inductive on EF = Gal(FIF) = lim Gal(LIF)

ffinite
Galois

=> Sim /L
FIF finite
G Lois

By lenma I we see that DrF is the boundary of the induction

constant defined by
(2 , f)-> ES9

.
s
, 4) ·

Harm : For att the following function

Rodr -> Y

(E , b) is detf(a) llall-E)dime
is an induction constant on Mp.

* The first property is clear to verify
* The second property follows from the "transfer thorm"



KIE is finite Galois Was = K
*

veet I
Wab = E >F

and the following : det Inde = defs o verkz

So we conclude that

(Eit] + detf(a) Halle-) dime & (9 , 3 , Yz)

is also an induction constant on F .

The boundary of this induction constant is :

(E , X) ++ X(a) Halle *) g(X
,
S
, Yz) = E(X

,
S
,

ale)

This division is pre-inductive ,
and the boundary of the induction

countant SEt] E(f, 3 : 94z] (by definition) .

TheoremB holds for all DEF
, 4 + 1

.

This along with Linna?

finishes the proof of theoremA for representations of Galois groups.

Now we prove Proposition A (1) , (2) for representations of Galois groups .
Ruals that 3-factors of characters satisfy the following relation :

· (X , B, 4) = q( - s)u(X, 4)g(X
- t , Y)

for some n(X
,4)sX . The by final was conclude 112 .

To brow 127 was not the following :

E(9, : , ay) = que, (t-1)
2(9. t , al) (by (11)

& 2(9 , 5 , 44) = det(fa)) Ils/dim(e)(S-I) que. 4) (t-3) 319. % , 4) .



which implies (2) by comparison

⑤ Step : Extend there results to reps of Weil gfs.

Fix to a uniformizer of F .
Let o ** be umamified.

with $15) = q-(4) , for come K.·

for a EIF finite , FeCE uniformizes , was also hous

& (5) =
(D)

= qfEs(G)

Thus if X **, we have

&<X 1
3
, Ye) = E(X , Sts( ·Ye) ·

( Xavier's talk) ·

his want to extend this identityA representations :

Claim. 2 . Let <e , 9) EYotf
, letF be umamified + of

finite order. Then 2Ste, s , Ye) = E(t , s +(d) , Ye) ·

& They as both induction constants with the same boundary, hence

bylimmal they are qual.

Now letHe be the trivial character of the Wil group We

and define

& If (s , 4) =

3 (Indus , e , 4)

E(z
,
s
, 4z)

Locollary : XzIFSS .4) is constants in s

Bof : Let $*

umranified of finite order. We have

&) EndWInd



s

Xer(s , 4) =
3) Fud ,

s
,

4)

3 (4 ,
s
, Yz)

=

SendWe
= Xerf (S + >(4) · Yz)

Thus
,

XEN(s + >(4) , 4) = DEF(s, 4) for all umamified characters o of
finite order. That is Jef (S + 5

, 4) = Xer/s , 4] for all roots of

unity 3EK .

From repuscitations of Weil groups to reps. of Galois group.
Because of additivity its enough to consider isup smooth

of We .
Let ge irpm (We).

Haim : there is an unanified character t of We such that

↑ Op factors through a representation to of Re

Step: ICTE] is a finite subgroup of GL(V]
.

Step2 : Conjugation action of Frolnius on the finite image SJTE] has finite
order :

Frobe - We b a frobenius
, conjugation by Frob

,
induces

an isomorphism of Is . Induces 9) Frobe) automorphism

of I(Is]
,
this it is finite order :



f(x)> S(Frobz)[/i] 9 (Tobe)"has

finite order .

to 7 best . #* It we hav

5) (Frobef(n) & (Frobe)" = +(a) .

so (Frob/h commute with all (c) ·

Step : -(Frobe)" commutes with f(Ws) .

9) From - Cent (9(We)] ·

Step1 : Schue's Lemma : S(Frobz)P is scalar

Since I is irreducible
,

Schues's lamma
says

that any
linear endomaphism of V that commutes

with the whole image PWs) is a scalar

multiple of iclutity. Therefore Fc4
* with

↑ (Frobe)" = c. Ev .

Step5 : Chooss an umamifiedcharacter to kill the scalar c.

* We -
"

trivial on I .

so X(Frobe) determines X
.

we want

* Frobe) = c

so un take & Strobe) = k-R rook of a"



Stepf : X * I has firits image .

consider the twist (X*)(g) = x(g79(g]

* I Fobe] (Froby" =
c

. c . For = Edu .

Hear (X &9) (Frobe) has first order dividing R .

=(X* ]WE) is finite .

#7: Factorization though a finite quotient .

If the image of a continuous homo. We -> GL(V) is

quits ,
then its kene isu normal subgroup of

We of finite indea .

So F K/E finite Galois 1 . t -

We/bu(Xxy) ~ /@ * Gab(E) ·

Thus we round it to the Galois case
.

The character X : We-"cam be thought of as a
character of X : E" -> so I is of the form

*= ONEF .

When I is a character

of F:

Rifu :
E( .

0
,

Ye) = 5190
,

e-VArmourdependence
ona



The first too properties of theoum A an easy
to check .

We verify :

3) If /E RESE) and EJKJF
,
then

sendY)Re
has know for representations of Galois group that this identity is true :

So if6*9 factorises through a rep of Galois group

then the same holds for TudekS = Indep

*destus as

·
Thisfinishes the proof theom A

Let us now provs proposition A for reprsentations of weil group .

2) functional equation : for Galois car its clear because :

(2) + S & (2 .
S , Me]El , 1- s , Ye]

det z(-1]

are both induction constants on Ko-ef with boundary



(E , 4) o 2(4 , Ye) [11-s , Ye) =&(-1)

They these two induction constants and the same .

# is enough to treat Galois cass braws of the definition

of E-factor .

ImoumB L/F firits Galois of non arch . love

fields. G = Gal((/F) ·

- LIF of global fields and a non-acchimediar

place to of # s . t -

1) F ! place no of L over to sit

Lu.
L which induce FroET

.

tofo

2) GE GadSL/b] canonically ·

so for any intermediate field E
,
FCECL

ther is a unique fied E
,

#FEEED with

losure E in 1- Luo

Firs a non-trivial characte It of AF/F and for

# st H = 20Trel



Put 4 = To

G = Gab(4F) = Gal [H(r) = K

was have a bijetion J(G)EF (K)
EX) + SE ,

X]

* is a character of A/# trivial on norms

Ne(A/) .

Dain: there exist a characted of AF/

such that = So NE

· [*& <1 ,0 .
S Fr

,
w) = & No (r)


